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Deductive molecular mechanics of
four-coordinated carbon allotropes†

Ilya V. Popov,ab Victor V. Slavin,c Andrei L. Tchougréeff *abd and
Richard Dronskowski *def

Deductive molecular mechanics is applied to study the relative stability and mechanical properties of carbon

allotropes containing isolated s-bonds. Our approach demonstrates numerical accuracy comparable to that

of density-functional theory, but achieved with dramatically lower computational costs. We also show how

the relative stability of carbon allotropes may be explained from a chemical perspective using the concept of

strain of bonds (or rings) in close analogy to theoretical organic chemistry. Besides that, the role of

nonbonding electrostatic interactions as the key factor causing the differences in mechanical properties

(in particular, hardness) of the allotropes is emphasized and discussed. The ADAMAS program developed

on the basis of this study fairly reproduces spatial and electronic structure as well as mechanical

properties of carbon allotropes.

Introduction

A large variety of unique physical and chemical properties of
carbon-based materials has stimulated intensive studies of
natural1 and artificially prepared carbon allotropes,2 and such
studies are typically aiming at creating new materials or
expanding the horizons of possible applications of the old ones.
For searching of new crystalline phases of carbon, tentatively
existing under high pressure, but metastable at standard
conditions,3 or for predicting the structures4,5 of the phases,
detected during the cold-phase transformation between diamond
and graphite,6 a variety of techniques7–9 has been developed and
applied. The number of phases found in those ways has already
exceeded five hundred according to SACADA database.10

All searching methodologies require an electronic-structure
calculator underneath, allowing to find an energetically feasible
realization of a given allotrope topology (the basis of allotrope
classification used in SACADA) by a crystalline structure in

physical 3D space and to calculate mechanical properties
of proposed allotropes. In most cases, plane-wave density-
functional theory (DFT) involving PAW pseudopotentials,11

the undisputed workhorse of computational materials design,
are used. Despite all their recognized advantages such as high
reliability of the resulting structures and energies and a large
number of available program packages,12,13 they also have
some limitations to be mentioned. The well known issue of
DFT, emphasized for instance in ref. 14, is that the resource
requirements of DFT are quite burdensome in the case of large
unit cells. This factor becomes crucial whenever numerous
systems need to be screened, and that is exactly the perpetual
case in searching for new crystalline structures. Although being
much faster than wave-function-based methods, the relatively
high numerical costs of DFT call for the development of
alternative approaches, allowing one to optimize geometry
and estimate relative energies of allotropes in a more efficient
way.14 There is a general trend in exploiting machine learning
which still (and substantially) rely on DFT benchmarks. In the
present work we consider carbon allotropes from a different
perspective and present a new, specialized, quantum-mechanical,
and highly efficient numerical tool for electronic-structure
calculations of the aforementioned materials. This method is
based on deductive molecular mechanics,15,16 treating carbon
allotropes from a chemical perspective, namely as systems
featuring covalent bonds between hybridized atoms. This
approach successfully applied to the C2 molecule17 and to
analysis of relative stability of diamond and graphite (graphene)18

is used in the present paper for modeling carbon allotropes
with four-coordinated carbon atoms and, consequently, isolated
s-bonds only (see some characteristic examples in Fig. 1),
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keeping allotropes featuring delocalized p-systems (and, thus,
three- or even two-coordinated atoms) for future works. In this
respect, the situation addressed here is simpler than in ref. 18.
However, in variance with,18 where the forms of the hybrids and
the bond orders have been fixed by symmetry, in the present
study either of these quantities is obtained by optimizing the
total energies of allotropes (see below).

By looking at Fig. 1, one easily realizes that, despite its
unprecedented completeness, the SACADA database can be
never finished, since, e.g., quadruply bonded carbon atoms in
the diamond structure can be recursively replaced by tetrahedra
formed by quadruples of such atoms featuring as well four
external bonds in arbitrary depth and proportion (a kind of
Parkinson19 family of allotropes). Similarly, six-membered
rings characteristic for diamond may undergo various types
of recyclization yielding 5 + 7, 4 + 8 etc. condensed carbon cycles
as well in arbitrary proportion every time yielding a new
allotrope, so that, their number is, in fact, infinite.‡ Thus,
besides numerical results on the energies and mechanical
properties, an insight into the relative stability of allotropes

and an analytic explanation for the trends in the calculated
quantities is in demand. The chemical viewpoint applied in the
present paper allows to consider carbon allotropes as ones built
of condensed carbon cycles. From this point of view diamond is
an infinite extension of adamantine,20 while T-carbon21 is that
of tetrahedrane. Thus, as we shall show, even very old concepts
such as strain applies with the necessary modifications also to
carbon allotropes22 and is able to provide an explanation of their
relative stability, which can hopefully guide further research
in this area.

Model

In what follows we apply our chemical approach based on
bonds and hybridizations dubbed as deductive molecular
mechanics (DMM).15,16,23,24 Previously used in the carbon context
to C2

17 and to the pair of diamond/graphite.18 It represents the
total electronic wave function as a product of two-electron
two-center wave functions of individual s-bonds25 formed by
atomic hybrid orbitals (HOs) – combinations of s- and p-atomic
orbitals (AOs) – as depicted in Fig. 2. Remarkably, this representa-
tion directly relates to the topological classification of allotropes26

accepted in the SACADA database by identifying an ‘‘arc’’ in the

Fig. 1 Examples of allotropes with four-coordinated carbon atoms: dia – usual cubic diamond (a), dia-a – T-carbon (b) derives from diamond by
replacing each C atom by a tetrahedral C4 unit. This can be done not for all diamond C atoms but for every second, third etc. atom each proportion
corresponding to a new allotrope. cnw – alias W-carbon (c) and cbn – alias M-carbon (d) are derived by replacing pairs of 6-membered rings by
condensed 5- and 7-membered rings. The three-dimensional structures (c) and (d) are presented in the projection, allowing one to see the [5 + 7]
recyclization. Similarly, not each pair of 6-membered rings, rather each second or third etc. may undergo recyclization, producing new allotropes or each
second or third etc. layer of the 6-membered rings may undergo recyclization.

‡ Furthermore, the zeolite database48 lists millions of the structures formed by
vertex sharing tetrahedral SiO4 units, which can be recast into respective four-
coordinated carbon allotropes.49
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topological representation with a corresponding s-bond in the
crystal. Within this setting the energy of a solid featuring solely
s-bonds arrives at:18

E ¼
X
A

EA þ
X
m

Em þ
1

2

X
A

X
B

Erep
AB (1)

(A and B refer to arbitrary atoms in the crystal and m refers
to the bonds present in the crystal). The ‘‘atomic’’ energies EA

are hybridization-dependent in general. Nonetheless, it was
proven18 that in the case of main-group IV atoms, EA no longer
depend on the hybridizations. Thus, the first sum in eqn (1)
results in a constant ‘‘atomic’’ energy common for all allotropes,
which does not affect their relative stability. By this, the number
of meaningful contributions to the allotropes’ energies reduces
to only two. These are the ‘‘bond’’ electronic energies (BEE) Em§
and the ‘‘repulsion’’ (Erep

AB ) energies. The latter cover the electro-
static interaction of charge distributions residing on atoms A
and B.¶ 17,18 The bond electronic energy of the m-th bond Em was
shown17 to depend on two bonding indices, the Coulson bond
order27,28 Pm and the Mayer bond-order index Bm

29

Em ¼
1

2
BmDm � 4Pmtmð Þ; (2)

where tm is the one-electron hopping integral between the HOs
forming the bond, and Dm = gm� gm is the difference of one- and
two-center electron–electron repulsion parameters.

The Coulomb atomic integrals are given by analytic
expressions,30 shown18 to fairly reproduce the results of accurate
DFT calculations on diamond, lonsdaleite (hexagonal diamond –
lon) and graphene as regards to the relative position of these
lowest-energy carbon allotropes on the energy scale and the
experimental interatomic separations. The electronic problem for
an individual (symmetric/homopolar) bond solves analytically17

and Pm and Bm express through Dm and tm so that the BEE for
the m-th bond becomes:

Em ¼
1

2
Dm �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16tm2 þ Dm

2
ph i

: (3)

The explicit account of hybridization of the AOs is another
characteristic feature of the DMM approach. In it, each HO is a
pair (s, -

v) of a number s (the coefficient of the s-AO) and a triple of
the coefficients of the px-, py-, and pz-AOs incidentally transform-
ing as a 3-vector -

v under the spatial rotations, which justifies the
accepted notation. A convenient visualization of the systems of
hybrids on each atom by hybridization tetrahedra (see Fig. 3) is
thus possible. The expansion coefficients of HOs, residing on
each carbon atom, over s- and p-AOs form orthogonal 4 � 4
matrices each containing 16 elements, which, due to orthonormality,
are further reduced to six independent variables. These can be
selected as, first, three angles, eventually forming a 3-vector ~ol,
describing the orientation of the set of the HOs as a whole. The
shape of the hybridization tetrahedron is determined by the angles
between the HOs. These six angles are uniquely determined by the
four coefficients of s-AOs in the hybrids:23

cos ymn ¼ �
smffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� sm2
p snffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� sn2
p :

The weights of the s-AOs on each atom are subject to the normal-
ization condition

X4
m¼1

sm
2 ¼ 1; (4)

which leaves us with three independent variables for the shapes,
which can also be selected as a 3-vector of angles ~ob.

Eventually, the energy of a crystalline allotrope depends
on atomic coordinates and hybridizations, which predetermine
Dm and tm in eqn (2) and (3). The quantities Dm and tm are
functions of the form and orientation of the HOs23 expressed
through the angles ~ol; ~ob and of interatomic separations, so that
finally the energy of an allotrope is a relatively simple function of
the geometry variables and the angles ~ol; ~ob for each atom in the
unit cell. For example, the total energy of diamond reduces to:18

ED ¼ �
1

2
4tsp3 þ g
� �

þ E
rep
D ;

including the hopping integral (between the sp3 hybrids

forming the bond) dubbed tsp3, the inter-atomic electron–
electron repulsion dubbed g and the sum of interatomic repulsion
terms dubbed Erep

D .

Fig. 2 Pictorial sketch of the two-electron bond wave function, charac-
teristic for s-bonded allotropes. The wave function of the entire crystal is
an antisymmetrized product of similar functions referring to all bonds.

Fig. 3 The exact sp3 hybrid orbitals yielding the energy minimum to the
unstrained diamond structure (left) and the deformed hybrids spx (x = 1.5
for the bond between the C4 units and x = 4.0 for those within the C4 units)
corresponding to the energy minimum for the strained T-carbon allotrope
(b). Arrows represent the vector parts v

-
of the spx hybrids pointing to the

direction of the arrow.

§ Hence, Em is not identical with the bond energy itself but rather only an
electronic contribution to it.
¶ It is a combination of spherically symmetric quasi-Yukawa repulsion of charge
distributions and of multipole interactions, absorbing all deviations from the
spherical symmetry caused by hybridization.
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In addition, analytic expressions of gradients and Hessians
with respect to these variables are available, so the minimum of
the total energy including quantum-mechanical estimates of its
electronic part are easily found by applying efficient optimization
methods instead of tedious self-consistency procedures required
within density-functional theory. Using the analytical energy
Hessian we calculate the elasticity tensor ciklm (see Appendix A)
and, thus, the mechanical properties of the allotropes. The bulk
and Young moduli are expressed in terms of ciklm.

Results
Numerical results and computational efficiency

We implemented the DMM theory15,16,23,24 sketched above
in the computer package ADAMAS written with use of our
in-house computational chemistry toolkit CARTESIUS_FORT31

and performed calculations for carbon allotropes selected from
the SACADA data base (13 allotropes). This selection satisfies two
vague criteria: (i) it more or less uniformly covers the range of
allotrope energies between the dia and dia-a (cubic diamond and
T-carbon) allotropes; and (ii) contains in addition to the allotropes
featuring unstrained six-membered rings (dia, lon) and the most
strained three-membered ones (dia-a) also intermediate ones with
5 + 7 and 4 + 8 condensed rings. The full tables with optimized
unit-cell parameters and calculated allotrope densities, relative
energies and bulk moduli are given in the ESI.† The comparison
of the ADAMAS results with the DFT-based data available in
SACADA is presented graphically in Fig. 4 and 5. Using the
parameter setting,18 ADAMAS reaches a very good agreement:
the absolute deviation from SACADA in the range 0–4 kJ mol�1

(it is slightly higher for the high-energy lcs and dia-a allotropes),
eventually achieving chemical accuracy. The agreement is parti-
cularly good for the low-energy allotropes – those close to
diamond and thus most prospective candidates for synthesis
(for the cfe, cfc and SiC12 allotropes, which can be characterized

as combinations of the dia and lon, the agreement is particularly
spectacular: their energy relative to dia is on the scale of
1–1.5 kJ mol�1 according to SACADA; ADAMAS produces similar
results – for details see ESI†). Provided, eventually infinite
number of possible four coordinated allotropes, we assume that
the selection made gives enough support to our approach on the
level of a proof of a concept. The unit-cell parameters, obtained
with ADAMAS, as well, demonstrate satisfactory agreement with
the SACADA values (the mean relative deviation is 1.2%)
although, shows slight underestimate. This level of accuracy is
reached with incomparably smaller numerical effort: instead of
days of calculations on mainframes by standard PAW-DFT solid-
state packages (see e.g., ref. 7–9 and 32), ADAMAS produces results
of the same numerical quality within minutes on a notebook.8

There are no available standard values of the allotropes’
bulk moduli. Those given in SACADA may differ by 50–80 GPa
for the same allotrope, depending on the calculation method.
We discuss the elasticity issues below.

3.2. Relative stability of allotropes seen through the bond
strain and hybridization

In view of the reached numerical agreement between SACADA’s
DFT-based energies and structures and those coming from our
DMM procedure, let us analyse the possible sources of the
energy differences between the carbon allotropes. The chemical
analogy between carbon allotropes and polycyclic alkanes, as
mentioned in the Introduction, suggests that the repulsion
contribution Erep

AB in eqn (1) causes the ring strain for the atoms
falling in the eclipsed conformation. It is believed to be an

Fig. 4 Relative energies of allotropes relative to diamond calculated by
the ADAMAS package as compared to the data available from SACADA
data base.

Fig. 5 Densities of allotropes relative to diamond calculated by the
ADAMAS package as compared to the data available from SACADA data
base.

8 Technically ADAMAS is easy to use. A user provides initial crystal structure in
the POSCAR format of VASP12 easily derivable from the *.cif files given e.g., in
SACADA with use of the tools amply available in the Internet. An additional file is
required to specify the details of the calculation procedure. Exemplary input files
are given in the Supplement. The package is available for usage through the
Netlaboratory system50 at https://netlab.cartesius.info
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important factor of cycloalkanes (in)stability. Our calculations,
however, show that the share of repulsion in the allotropes’s
total relative energies usually does not exceed 20% while its
absolute value varies from 2 to 8 kJ mol�1. The only exception is
T-carbon where it contributes 35% to its relative energy above
diamond, so that even in this case it is not the dominant source
of thermodynamic instability of the most strained of the
considered allotropes. Moreover, in several cases the relative
total and relative repulsion energies have different signs. This
is to say that the key factor affecting the relative stability
of carbon allotropes is the difference of covalent bonding
energies. We will now concentrate primarily on this contribution.
To analyze covalent bonding one needs to have an adequate
measure of it. The authors32 used ICOHP (integrated crystal
orbital Hamilton population, the contribution of a particular
bond to the band-structure energy) as a suitable measure
a posteriori extracted from the results of DFT calculations with
use of the LOBSTER package.33 Here we use directly the bond
electronic energies (BEE) employed in the calculations as a
measure of covalent bonding.

In Fig. 6 the BEEs for bonds in different allotropes are
plotted against the bond lengths. The blue line corresponds
to the BEE in diamond, formed by two ideal sp3 hybrids aligned
with the bond. As shown previously18 and obvious from the
Figure, the diamond BEE is almost linear for the chemical
range of the bond lengths.

Fig. 6 also reveals that the points are quite scattered
around the line: the bonds with equal lengths may have
significantly different BEEs, either higher or lower than those,

corresponding to the diamond BEE at each given distance.
This is in a line with the latest analysis32 showing a similar
scattering of the LOBSTER33 derived ICOHP covalence measure
vs bond lengths. In order to analyze this behavior we notice that
the BEEs from eqn (2) or (3) depend on the composition of
the constituent HOs and on their directions relative to the bond
lines. Specifically, the hopping integral between the HOs of the
bond is:23

t ¼ tsssLsR þ tsp sL
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sR2

p
cos wR þ sR

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sL2

p
cos wL

� �

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sL2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sR2

p
tppp sin wL sin wR þ tpps cos wL cos wR
� �

;

(5)

(subscripts L and R refer to the ‘‘left’’ and ‘‘right’’ ends of the
bond and the bond index m is omitted here for brevity).
The angles are defined in Fig. 7. For the AO–AO hopping
integrals in eqn (5) the usual approximation tmn = t0

mnSmn is used
where Smn is the overlap integral between atomic orbitals m and n.

Reiterating, we notice that the theory dubbed deductive
molecular mechanics is not only numerically efficient but also
allows one to analyze the numerical results in fairly qualitative
geometrical terms. An example of such reasoning goes as
follows. In four-coordinated allotropes each carbon atom has
four nearest-neighbors and thus its coordination tetrahedron
is defined by four interatomic separations and four unit
vectors -

em pointing to the neighbors. It is easy to figure out24

that the number of variables describing the projections of four
neighbor atoms on a ‘‘celestial sphere’’ drawn around the
central one equals to eight (declination and ascension angles
for each of the neighbors). Three angles are required to
describe the orientation of the entire coordination tetrahedron
(the set of four nearest neighbors) relative to laboratory frame,
so that five variables remain for its shape. That large number of
degrees of freedom makes the coordination tetrahedra in
allotropes a priori quite flexible. By contrast, hybridization
tetrahedra possess much more restricted flexibility: they are
fully parameterized each by six angles collected in two 3-vectors
~ol; ~ob of which the first is reserved for the orientation of the
hybridization tetrahedron as a whole, so that only three angular
variables in ~ob stay available for description of its shape.
Pragmatically, it means that the angles between the HOs, for
example, cannot get smaller than 901, although the valence
angles for sure can (viz. T-carbon). Another observation is that a
plane accommodating two arbitrary HOs of a given atom must
be orthogonal to that accommodating two remaining HOs34

Fig. 6 Bond electronic energies (BEE) of the bonds in carbon allotropes
plotted against their lengths. The red line corresponds to the bond, formed
by ideal sp3 HOs collinear to the bond. The blue line is an exponential
approximation (170.3 exp(�1.92d)) for Em analogous to the exponential
approximation of ICOHP.32 The mean absolute deviation of the exact BEEs
from the red line is 0.46 eV and the mean relative deviation is 6.1%. For the
exponential fit the mean absolute deviation is 0.47 eV and the mean
relative deviation is 6.2%. The orange line is the ICOHP distance
dependence.32 Remarkably, it is almost ideally parallel to the BEE lines
indicating the close analogy between the a posteriori covalence measure
ICOHP and its direct measure: BEE.

Fig. 7 Schematic representation of vector parts of HOs, forming a (strained)
bond between the left-end (L) and right-end (R) atoms of this bond.
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although the valence angles at a central atom as well as those
between the planes formed by the central atom and disjoint
pairs of its neighbors may take any value. The lack of the
flexibility of the hybridization tetrahedra relative to the coordina-
tion ones may lead to misfits between the directions of the bonds
(vectors -

em) and the directions of the HOs (vectors -
vm). This serves

as a source of energy excess (strain) in the allotropes where
respective misfits occur. These misfits and their energy effect
may be quantified by the angles wR, wL (Fig. 7). Assuming for the
moment that the hybridization tetrahedra maintain their ideal sp3

shape (thus, sL = sR = 1
2) and inserting the expansions of cosines

for small wRm, wLm in eqn (5), we conclude that the sum of
electronic strain energies of the bonds (excess over the diamond
structure) of an allotrope is

dEs ¼ Ks

X
m

wRm
2 þ wLm

2 � 2kwRmwLm
� �

(6)

with a (positive) coefficient Ks coming from eqn (3) and (4) as a
combination of hopping integrals and bond orders (for more
details see Appendix B). Since k o 1, the above quadratic form is
positively definite, thus the bond strain leads uniquely to the
energy increase as compared to the ideal (diamond) structure.
In the range of realistic bond lengths k stays almost constant,
thus for further estimates we use its transferable value E0.3.
This finding suits for an analysis of the numerical data tentatively
yielding a simple model of BEE. In Fig. 8 we plot the BEEs as
calculated against the corresponding bond lengths and strain
parameters:

wm
2 = wRm

2 + wLm
2 � 2kwRmwLm

Although there is still a considerable scattering, even with such
a simple model we achieved a better representation of the BEEs
as compared to one dependent on the interatomic separation
only (Fig. 6). The mean absolute deviation reduces to 0.41 eV
and the mean relative deviation down to 5.5% (in ref. 32 the mean
absolute deviation of the ICOHP values from the exponential fit
amounts 0.71 eV). However, the deviations are still significant.
Moreover, we see that some numerical points fall below the fitting
surface, which cannot be explained by the model with the strictly
sp3 hybridization tetrahedra (the energy correction eqn (6) is
positive definite). The agreement improves if one recollects that
within the numerical calculation the deformation of hybridization
tetrahedra that is the variation of the coefficients of the s-AOs and
thus changing the shapes of hybridization tetrahedra was allowed.

This yields further energy corrections affecting BEEs. Allowing,
along with the bond strain also small variations of the s-weights
around their ideal sp3 value of 1

2, permits to accurately reproduce
the exact BEE: the mean relative deviation is then equal to 1.12%
and the mean absolute deviation is 0.10 eV. This is by an order of
magnitude smaller than in the model with rigid hybridization
tetrahedra or in those relying solely upon the bond lengths.

It is of interest to understand where the increase of the BEE
on account of the variation of s’s could come from and to trace
the consequences of this for the overall energetics of the
allotropes. We notice that for a symmetric bond with collinear
HOs the maximum of the hopping integral corresponds to the
value of the s-coefficients of ca. 0.77 (see Fig. 9), which is fairly
larger than in the ideal sp3 hybrids (1

2). Thus, an increase of s
increases the BEE of the corresponding bond and the bond
energy as well. This is precisely what happens in T-carbon. Here
the HOs in the unstrained C–C bonds between the C4 units
feature much higher s-AOs’ contribution (s E 0.65) than those
in the highly strained (the maximal value of w among of all
bonds: 30.61) C–C bonds within the C4 units (s E 0.44).

These findings are parallel to the analysis35 based on
the LOBSTER covalence measure ICOHP. The BEE covalence
measure (parallel to ICOHP) is as well larger for the C4–C4 bond
than that for the C–C bond in diamond (and, of course, than
that for the C–C bond within C4 units). The analysis35 also
indicates the importance of the s-states in the formation of
the C4–C4 bonds.

The discovery of allotropes with the BEEs (ICOHPs) larger
than in diamond sparkles hopes on finding carbons more
stable than the latter (see ref. 36 where more stable allotropes
featuring a combination of three and four coordinated atoms
had been proposed). Even in T-carbon the gain in BEE for the
unstrained C4–C4 bond is that large that despite stronger
repulsion (due to smaller bond length) the bond energy any
way remains larger than in diamond. However, there are purely
geometrical arguments proving that the hopes to find more
stable exclusively four coordinated allotropes may be unfounded.

Fig. 8 Bond electronic energies as the function of bond length and bond
strain measure w.

Fig. 9 Hopping integral as a function of s-contribution for a symmetric
1.544 Å C–C bond whose hybrids are pointing along the bond.
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Indeed, due to the normalization condition eqn (4), the
variations of the s-amplitudes dsm’s cannot be simultaneously
negative or positive for all bonds incident to a given atom (for
all its HOs).** Thus, the BEE’s gain acquired through adjustment
of the shape of the hybridization tetrahedron to the direction of
one or more incident bonds is mandatory compensated by losses
in other bonds (see formal proof in Appendix C).

In ref. 18 we observed the same effect for the pair of
naturally occurring carbon allotropes: diamond and graphene.
In the latter, the BEE of its s-bonds between sp2 hybrids is
larger than for the s-bonds in diamond formed by sp3 hybrids
due to larger amplitudes of s-orbitals.

Since the BEE corrections linear in dsm’s vanish, the second
order ones as coming from small rotations and deformations of
the hybridization tetrahedra become important. The exact
expression for the latter are known.23 In Appendix D it is shown
to be positive definite. Thus, the general conclusion is that
despite eventually strong gains in covalent interactions (BEE’s)
of individual bonds the overall effect of small rotations and
deformations of the hybridization tetrahedra is the increase of
the total energy relative to diamond. Combination of these two
explains why for the time being the only known allotrope
candidating for a lower energy than diamond32 features quite
extended fragments formed by the sp2 rather sp3 hybridized
carbon atoms (graphene ‘‘belts’’). The allotropes formed by
exclusively sp3 hybridized carbon atoms including those
recently found14 with use of thoroughly trained neural network
systematically have larger energy than diamond in agreement
with our analysis.

In the present work, the quantities w and ds serve as
measures of the angular strain of the bonds and the strain of
hybridization tetrahedra, respectively. In the literature, one
can find other strain measures. For example, mean squared
deviation of valence angles from ideally tetrahedral ones is
introduced.37 It has been shown to be useful for orientation
because of a linear correlation (demonstrated, however, on
a very limited material of allotropes derived by fractional
replacement of carbon atoms in the diamond or lonsdaleite
structures by the tetrahedral C4 units) with both the total
energy per atom going from diamond to T-carbon, and the
bulk modulus (see below). Drawing an analogous graph for the
allotropes addressed in the present paper (Fig. 10) shows rather
different behavior: all allotropes except T-carbon fairly lie on a
straight line having nothing to do with one tentatively joining
diamond and T-carbon. That is to say that for different
selections of allotropes the dependence of their energy on the
average angular deformation37 considerably differs. By contrast,
using the strain measures w and ds allowed us to fairly fit the
BEEs at least in the selected variety of allotropes.

A remarkable deviation form the situations covered by the
strain measures is represented by the lowest energy dia/lon poly-
types (cfe, cfc, SiC12). They feature ideal tetrahedral coordination
so that their hybridization tetrahedra are not angularly distorted

and the deviations of the hybrids’ directions from the bonds are
negligibly small. In the absence of angular deformations, the
structure variations in these polytypes reduce to the elongation/
contraction of the C–C bonds. The bonding and nonbonding
interactions contribute almost equally to the total relative energy.
Neither ADAMAS nor SACADA show definite relation between the
average bond lengths indirectly measured by the polytope density
and its energy. The energies of all mentioned polytopes are
squeezed between that of dia and lon, which is not the case of
their densities of which cfc and SiC12 are denser than diamond
(have on average shorter bonds) and cfe has lower density (on the
average bonds are longer). Accordingly, in two former polytypes the
BEE is larger by absolute value than in diamond. Nevertheless,
they are less stable (by 1.1 kJ mol�1) because of the core repulsion
increasing with density. Within the same setting in the cfe
polytope featuring longer bonds the absolute value of BEE is
smaller than in diamond partially compensated by the decrease
of the repulsion energy, finally yielding the overall destabilization
on the same scale relative to diamond.

3.3 Mechanical properties: the role of repulsion terms

As said before, ADAMAS allows for the calculations of the
elastic properties of the allotropes. The numerical results are
given in the ESI.† In general, the numerical values of the bulk
moduli fit fairly well into the ranges obtained by different
calculation methods. We note that as regards the experimentally
accessible allotrope (diamond) the different numerical methods
show a considerable scatter of 80 GPa (about 20%). In contrast,
diamond’s experimental bulk modulus is about 440 GPa38 to be
compared with our estimate of 453 GPa. Otherwise, the relative
position on the hardness (habitually, understood as the value of
the bulk modulus) scale produced by the ADAMAS package in
the series of calculated allotropes follows the trends represented
in the SACADA database (see Fig. 11 and Table S2, ESI†).

In order to find out what structural and electronic features
might affect the allotropes’ relative hardness we plot relative
bulk moduli against the quantities describing these features
(Fig. 12): the angular strain measure,37 as well as with hybridization

Fig. 10 Allotropes’ energies relative to that of diamond plotted against
the angular strain measure.37

** Remarkably, the amount of increase of s in the C4–C4 bond is almost equal to
the total of decreases of s’s in the intra C4 C–C bonds incident to the same atom.
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and bond strain measures (ds and w). In either case there is
no definitive correlation between whatever strain measure and
the bulk modulus. In all cases, say, the lcs allotrope (ice II
structure), featuring quite a considerable strain, but almost the
same bulk modulus as diamond, falls out from all. On the other
hand, T-carbon in all cases shows a significant reduction of the
bulk modulus as compared to diamond.21 Remarkably, either
of the strain ds and w manifest two branches: one linear, going
from diamond to T-carbon, and a curved one, landing in lcs
allotrope. The only observation, which we could derive so far
is that the allotropes in the curved branches all feature
8-membered rings. This fact will probably find its explanation
within the general theory of elastic properties of carbon allotropes
yet to be developed.

Some general remarks can be given already now. In the
literature, it is conjectured that the exceptional hardness (high
bulk modulus) of diamond is caused by strong covalent bonding.
To the best of our knowledge there have been no quantitative
estimates of the role played by covalent bonding when it comes
to mechanical properties. Since the DMM provides a clear-
cut separation of covalent bonding (understood as BEE’s)
and repulsion contributions to the energy, we analyzed the
relative values of their second derivatives with respect to atomic
coordinates.

It turns out that the BEE’s second derivatives are very small
as compared to those of the repulsion contributions. As seen
from Fig. 4, the dependence of the BEE on the bond length is
pretty close to linear for the ‘‘chemical’’ range of interatomic
distances actually covered by all allotropes (the same feature is
observed in ref. 18). This translates into the BEE contribution to
the second derivative of the total energy of less than 5%. This
suggests that the key factor leading to the observed hardness of
carbon allotropes is the repulsion between atomic charge distribu-
tions represented by the relatively short-range (quasi-)Yukawa
terms, which tentatively explains the absence of reasonable
correlation between the covalence-related strain measures and
the bulk moduli.

Conclusions

On the basis of the DMM which assures the chemical perspective
of the carbon allotropes (one based on bonds and hybrids) we
developed a new computer program ADAMAS. It is targeted
at highly efficient electronic-structure calculations of carbon

Fig. 11 Bulk moduli for a selection of carbon allotropes calculated by the
ADAMAS package as compared to the data available in SACADA data base.

Fig. 12 Relative bulk moduli against mean square deviation of valence
angles from valence angle in ideal tetrahedra (diamond) – above, against
the bond strain measure w – middle, and against mean square deviation of
the s-amplitudes of HOs from the ideal sp3 hybrides – bottom.
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allotropes. In variance with other solid states methods even
those using semi-empirical parametrizations, which are all built
upon the delocalized (Bloch) states or plane waves, our approach
uses local description of the electronic structure: two-center
bonds characteristic for the valence bond approximation39 and
hybrid orbitals. The latter allowed us to quantitatively address
the strain of carbon–carbon bonds although proposed yet in
ref. 40 but used directly for (electronic structure) calculation only
now. In variance with the existing empirical quantum-mechanics
based force fields41–43 and their descendants we (i) use exact
quantum chemical expressions for the parameters of electronic
structure: bond orders and bond order indices (Pm and Bm,
respectively) and (ii) determine forms and directions of the
hybrids from the energy minimum condition: both are original
features of our approach. This led us to the exact quantum
mechanical expression for the allotrope energy, which turned
out to be extremely efficient and precise.

In the present paper we tested the ADAMAS package on
a selection of carbon allotropes containing 4-coordinated
atoms. ADAMAS demonstrates more than a reasonable numerical
accuracy in geometries, relative energies and mechanical
properties as compared to the DFT-based methods reproducing
their results within a chemical precision, but with by two orders of
magnitude smaller requirements to computational resources
in terms of both time and memory. The numeric results show
that all directly considered four-coordinated allotropes have a
higher energy than diamond. This happens despite the fact that
in some of them certain fractions of C–C bonds are even
stronger than those in diamond. Nevertheless, such local gains
are compensated by unfavorable energy contributions from
other bonds because of a limited flexibility of the hybridization
tetrahedra.

The developed energy model also allows for estimates of
mechanical properties, which are frequently missing in the
SACADA database. For those allotropes for which the elasticity
data are available in the SACADA database our estimates fall in
the ranges of the values given there. For the rest they contribute
the missing data.

Finally, despite different ‘‘topology’’ of four-coordinated allo-
tropes, their bonds are characterized purely locally, by the strain
measure w. Similarly, each atom characterizes by the deviation of
its hybridization tetrahedron from the ideal sp3 shape. These
characteristics (unlike the ‘‘topology’’ itself) directly translate to
the relative energy of an allotrope relative to diamond. At the
same time, the chemical DMM setting allows us to relate directly
the allotrope’s ‘‘topology’’ to its electronic wave function and its
specific energy function, a feature unavailable in the solid-state
physics-based approaches. By this, we arrived to an extremely
efficient numerical tool providing to the workers in the field an
easy access to the structure, energy and mechanical properties of
carbon allotropes.
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Theoretical appendix
A. Hessian and elastic properties

The second derivatives of energy (Hessian matrix) were calculated
analytically:

ZABik ~rð Þ ¼ @
2EAB ~rð Þ
@rAi @r

B
k

: (A1)

Here A and B enumerate atoms, EAB(-r) is the energy of interaction
of arbitrary atoms A and B, including the bond electronic energy
(BEE) Em from eqn (2) and (3), provided atoms are bonded, and
the repulsion energy Erep

AB . Vector -
r = -

rA � -
rB and ri, rk are Cartesian

components of -
r, i, k = x, y, z. The elasticity tensor reads:44

ciklm ¼
1

V0

X
AB

X
~rf g

ZABik ~rð Þrlrm þ
1

2

X
AB; jn

gAijlg
B
knm þ gAijmg

B
knl

� �
MAB

jn

)8<
:

gAikl ¼
X
B

X
f~r g

ZABik ~rð Þrl ;

(A2)

where V0 is the unit cell volume, vector -
r runs through all pairs of

interacting atoms. Due to the short range nature of the BEE and
the exponential decay of the repulsion energy the summation in
eqn (A2) converges rapidly. The quantities MAB

jn are elements of the

inverse matrix �
P
f~r g

Z ~rð Þ
 !�1

. The first term in eqn (A2) has the

regular form of elasticity theory. The second one is non-zero for
the crystals without center of inversion only (gA

ikl = 0 for the crystals
with center of inversion). It takes care about adjustment of
positions of atoms within unit cells in response to deformation
of the latter.

The elasticity characteristics (Young modulus, bulk modulus, etc.)
are expressed in terms of compliance tensor s = c�1; e.g.,
the anisotropic Young modulus E(-n) in the direction of a unit
vector -

n is:45

E(-n)�1 = ninjsijklnknl (A3)

and the bulk modulus K is:

K�1 = siikk. (A4)

also known as Reuss average. In either formula the summation
is understood over the repeating subscripts. According to
ref. 46, eqn (A4) is the only rotation invariant of the compliance
tensor of the relevant power.

B. Estimate of the parameters in eqn (6)

The coefficient Ks entering eqn (6) occurs after expanding
trigonometric functions of eqn (5) due to small angles and
multiplying hopping integral by minus quadruple bond order
Pm. It yields the following expression:

Ks ¼
ffiffiffi
3
p

2
Pm tsp �

ffiffiffi
3
p

tpps

� �
¼

ffiffiffi
3
p

4
tsp �

ffiffiffi
3
p

tpps

� �
: (B1)
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The dimensionless parameter k reads

k ¼
ffiffiffi
3
p

tppp

tsp �
ffiffiffi
3
p

tpps
(B2)

and in the relevant range of bond lengths it stays almost
constant (E0.3 for bond length in diamond). If the bond length
changes by 0.1 Å, coefficient k changes only by 0.02, which can
be neglected.

C. Linear correction to the bond electronic energy due to
variation of s-amplitudes

Due to normalization condition eqn (4) the variation of the s-
amplitude of the m-th HO reads:23

dsm ¼ � d~ob;~vmð Þ (C1)

where d~ob is the small variation of the triple of angular
parameters responsible for the shape of hybridization tetrahe-
dron on a given atom and -vm is the vector part of the m-th HO.
Four vector parts of the four HOs in the ideal sp3 hybrid sum to
zero and thus the same is true for the sum of the first order
corrections to the s-amplitudes:

X4
m¼1

~vm ¼ 0)
X4
m¼1

dsm ¼ 0 (C2)

for each atom. Thus dsm’s cannot be simultaneously negative or
positive (whichever leads to the energy gain) for all bonds
incident to the given atom (respectively, for all its HOs) and
actually sum to zero. Furthermore, the energy multipliers
(whatever they are) at dsm’s in the expression for the correction
to the energy linear in dsm’s are equal for equivalent bonds in
diamond. Thus, the total of the corrections coming from the
bonds incident to a given atom is proportional to the sum
of dsm’s and thus vanishes. Thus, the BEE’s gains linear in dsm’s
or d~ob acquired through adjustment of the shape of the
hybridization tetrahedron to the direction of one or more
individual incident bonds are mandatory compensated by the
losses in other bonds.

D. Second order energy corrections due to adjustment of
shapes and orientations of hybridization tetrahedra

The second order corrections to the bond electronic energies
coming from the small rotations and deformations of the
hybridization tetrahedra had been derived yet in ref. 23. They
are quadratic forms of the small variations d~obL; d~obR; d~olL; d~olR

(put in this order, see below) of the angular variables ~ol; ~ob for
hybridization tetrahedra residing on both ends of the bond. Each
bond contributes terms proportional to the scalar squares of
d~olT; d~obT and the cross-terms coupling the rotations and
deformations occurring on the left and the right ends of
the bonds. Although in the individual bonds the rotations
and deformations on the left and right ends are coupled
(the cross-terms d~olR; d~obR are present), they cancel each other
upon summation over bonds incident to a given atom, so that
the matrix of the quadratic form for the energy correction of the

second order in d~obT; d~olT; T ¼ L; R for the entire crystal
has the form:

Gbb Hbb 0 0

Hbb Gbb 0 0

0 0 Gll Hll

0 0 Hll Gll

0
BBBBBB@

1
CCCCCCA

(D1)

where G’s and H’s are proportional to the 3 � 3 identity matrix:
Gbb = gbI; Hbb = hbI; Gll = glI; Hll = hlI (zeroes, respectively, stand
for the 3 � 3 zero matrices), with gb, hb, gl, hl expressed through
the AO–AO hopping integrals tmn. Applying the Schur’s formula
for determinants,47 we conclude that 12 eigenvalues of the above
matrix have only four distinct values: gb 8 hb; gl 8 hl each triply
degenerate. Since gb, gl 4 0; gb,l 4 hb,l, they are all positive and
thus the bonding energy correction due to small rotations and
deformations of the hybridization tetrahedra in the vicinity of
their shapes and orientations characteristic for the lowest energy
allotrope – diamond – is positive definite as well.
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