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Surface-charge distribution on a dielectric sphere
due to an external point charge: examples of
C60 and C240 fullerenes
G erard o Ra g gi, A nth o ny J. Stace a n d Ele n a Bich o utskaia*
A n a n alytical solutio n for th e distrib utio n of surface ch arg e o n a dielectric sp h ere d u e to th e presence
of a n extern al p oint ch arg e is prese nte d. This solution d escrib es h o w ch arg e o n th e surface of th e
sp h ere is p olarise d in th e electric field into re gio ns of n e g ative a n d p ositive ch arg e. Th e p olarisatio n
e ect (distrib utio n of surface ch arg e) g e n erally varies with th e se p aratio n b et w ee n th e sp h ere a n d th e
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ch arg e, a n d it is p articularly sig nifica nt at very sh ort se p aratio ns. Results o btain e d fro m th e classical
electrostatic m o d el are in q u alitative a gree me nt with d e nsity fu nctio n al th e ory calculatio ns of ch arg e
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se p aratio n in C 60 a n d C 240 fullere n es in th e prese nce of a n extern al p oint ch arg e. This su g g ests th at,
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fro m a n electrostatic p oint of vie w, in th e static electric field of extern al ch arg es th ese m olecules exhibit
dielectric b e h avio ur.

I. In tro d uctio n
An understanding of the electrostatic properties of dielectric
materials has important consequences for many industrial
processes and procedures. Prime examples where electrostatic
effects can have a significant influence on particle behaviour
include removal of fine particles and coal dust from the atmosphere in power stations,1 particle charging and deposition
during powder coating,2 and the dynamic behaviour of particles
in dry powder inhalers.3
In an earlier publication,4 an analytical solution to the classical
problem describing how charged particles of dielectric materials
interact with one another was presented. Using this solution it has
been possible to explain why like-charged particles of dielectric
materials could attract one another, and to show that such
attraction arises from a mutual polarisation of bound charge on
the interacting particles due to an electric field generated by the
particles.5 To obtain an analytical solution for the force between two
charged particles, the position-dependent electrostatic potential was
expanded as a Legendre polynomial series, and appropriate
boundary conditions were introduced. Since the ability of an
external field to polarise materials is an essential component of
the electrostatic interaction between charged dielectric particles,6
it is important to test the validity of the adopted electrostatic
approach, especially at the nano-scale, by means of comparison
with relevant quantum chemical calculations.
Department of Physical and Theoretical Chemistry, School of Chemistry,
University of Nottingham, University Park, Nottingham NG7 2RD, UK.
E-mail: Elena.Bichoutskaia@nottingham.ac.uk

This journal is

c

the Owner Societies 2013

The counterpart problem of a conducting particle in the
presence of an external point charge was first proposed by
Kelvin in 1845,7 which eventually led to the development of the
image charge theory.6 In this paper, the analytical solution4 is
adapted to the problem of a point charge placed outside a
dielectric particle. The results obtained by the classical electrostatic analysis are compared with the distribution of surface
charge density in C60 and C240 fullerenes computed using density
functional theory (DFT). For each example, the influence of an
external point charge on partial atomic charges on the fullerene
molecule is investigated and compared with the polarisation
charge induced on the surface of the dielectric sphere.
This study contributes to an on-going debate8–10 on whether
or not a single C60 molecule can be treated as a dielectric particle.
The defining characteristic of a metal, or more generally a
conductor, is the presence of a finite density of states (DOS)
at the Fermi level. Both photoemission experiments11 and in
particular scanning tunnelling spectroscopy,12 where a fullerene
is effectively incorporated into an electric circuit, find no
evidence for the presence of a finite DOS at the Fermi level
both for a fullerite crystal (or thin fullerene film) and individual
C60 molecules. If the C60 molecule was a purely metallic particle
one would expect to see metallic screening of the core–hole
created in photoemission from the C 1s core level. This type
of screening gives rise to a very distinctive line-shape known
as the Doniach–Sunjic line profile,13 which is essentially a
measure of the metallic DOS at the Fermi level. The photoemission spectrum of both highly oriented pyrolytic graphite
and glassy carbon shows an asymmetric core-level peak-shape
due to the collective screening of the core hole created by the
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photoemission process (see Fig. 3 of ref. 14). However for the
C60 molecules, the core-level emission is almost symmetric
along the energy axis.14,15 This suggests that the C60 molecule
behaves like a dielectric particle under the influence of a static
electric field.

II. Distrib u tio n o f p olarisa tio n ch arg e o n t h e
sp h erical in t erf ace d u e t o t h e prese nce o f
ext ern al p oin t ch arg e
The distribution of charge on the spherical interface induced by
the presence of an external point charge is derived using a
Legendre polynomial expansion. A point charge of magnitude q
is located outside a dielectric sphere of charge Q and radius a at
a distance h = |h| from the centre of the sphere. Fig. 1 illustrates
the geometry of the dielectric sphere–point charge interaction.
The dielectric constant, k, of the sphere is dimensionless as it is
defined as the permittivity relative to that of vacuum, i.e. k = e/e0,
where e0 = 8.8541878176 ! 10"12 F m"1.
The electrostatic potential F(r) at any point in space r is
found by solving the Poisson differential equation
r2 FðrÞ ¼ "

sðrÞ
e0

(1)

where s(r) is the charge density. The Gauss potential F(r) is
defined as a sum of the contributions from the sphere (first term)
and the external point charge (second term)
ð
sðtÞdt
q
þK
(2)
FðrÞ ¼ K
jr " aðtÞj
jr " hj
1
is a proportionality coefficient. In the first term
4pe0
of eqn (2) there is a singularity on the surface of the sphere
where |r " a| ' 0, which results in two separate expressions
inside and outside the sphere. For r o a (inside the sphere),
this term takes the form4
ð
1
X
sðtÞdt
rl
K
Al 2lþ1 P l ðcos bÞ
¼
jr " aðtÞj l¼0 a

where K ¼

and for r > a (outside the sphere) it has the form
ð
1
X
sðtÞdt
1
K
Al lþ1 Pl ðcos bÞ
¼
jr " aðtÞj l¼0 r

Fig. 1

20116

Geometric representation of the sphere–point charge interaction.
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(3)

where Pl(cos b) is the Legendre polynomial, and
ðp
Al ¼ 2pKalþ2 sin y dy sðyÞPl ðcos yÞ

(4)

0

assuming spherical polar coordinates (a,y,j) for vector a and
(r,b,j1) for vector r (see Fig. 1).
We impose the boundary conditions,4 which state that the
normal components of the dielectric displacement field D and
the tangential components of the electric field E satisfy the
following equations
"
#
Djr¼aþ " Djr¼a" ! n ¼ 0
(5)
"
#
Ejr¼aþ " Ejr¼a" ! n ¼ 0

where a+ and a" refer to a radial position just outside and
inside the sphere, respectively; n is a unit vector normal to the
surface and directed outwards from the sphere surface.
The total charge, s, on the surface of the sphere is defined as a
sum of a uniformly distributed free charge Q and a bound polarisation charge spol
surf. Inside the sphere, the volume density of polarization charge is zero since spol
vol ¼ ð1 " kÞe0 r ( E ¼ "r ( P ¼ 0
(except at r = h). At the interface, therefore, the normal
component of the electric field is discontinuous due to the
presence of a permanent surface charge4
s
¼ rFjr¼a" "rFjr¼aþ
(6)
e0
noting that E = "rF.
Expansions (3) can be used to express the boundary condition (6) using Legendre polynomials to give an expression for
the polarisation surface charge density
spol
surf ðcos bÞ ¼ e0

1
X
l¼0

Al

2l þ 1
Pl ðcos bÞ
alþ2

(7)

Using the matrix relationship given by eqn (16) of ref. 4 to yield
the coefficient Al, the final expression for spol
surf can be
expressed as
1
q X
ð1 " kÞ $a%l"1
ð
cos
b
Þ
¼
ð2l þ 1Þl
Pl ðcos bÞ
spol
surf
2
4ph l¼1
ð1 þ kÞl þ 1 h
(8)

Eqn (8) describes how the density of surface charge on the
dielectric sphere is influenced by the presence of a point charge
q located at a distance h from the centre of the sphere. This
analytical expression agrees with the treatment presented in
ref. 16 for a study of the effects of an image charge for the
problem of an individual micro-ion interacting with a dielectric
sphere.
Fig. 2 shows the surface charge density distribution, obtained
using eqn (8), on a neutral sphere (Q = 0) of radius a = 3.8 Å and
dielectric constant k = 3.45, which has the dimensions17 and
dielectric properties18 of the C60 molecule. The surface charge
density for each value of the angle b has been weighted by an
element of surface area, and it is presented in Fig. 2 in the form
of 2pa2sin(b)s(cosb).5 The curves in Fig. 2 show the distribution
of the surface charge as a function of the angle b (x-axis) and
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The above classical electrostatic analysis of the surface
charge density distribution on a dielectric sphere due to the
presence of an external point charge can be validated with
quantum chemical calculations of partial atomic charges in C60
and C240 fullerenes as described in the next section.
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III. Q u a n t u m ch e m ical d escrip tio n o f t h e
ch arg e d e nsity in C 60 a n d C 240 f ullere n es

Fig. 2 Differential surface charge density, calculated as 2pa2sin(b)s(cosb) using
eqn (8), on a sphere representing the dimensions and dielectric properties of the
C60 molecule: a = 3.8 Å k = 3.45, Q = 0. The point charge has a magnitude of
q = +15e. The colour labeling is used to represent the separation, h, between a
point charge and the centre of the sphere, which varies with a step of 0.2 Å in the
distance range of 4.2 Å (dark blue) to 7 Å (green), thereafter h is taken to be
8, 9, 10, 15, 20, and 50 Å (deep red). Inset shows the surface charge density
distribution at h = 50 Å.

the separation distance h (colour labels) between the sphere
and a positive point charge q = +15e. It can be seen from Fig. 2
that the surface charge density of a neutral sphere is polarized
in the presence of external point charge, and the density
distribution varies significantly as a function of sphere–point
charge separation. The polarisation effects become more
profound as the point charge is brought closer to the sphere
reaching a maximum near the contact point (h = a). It turns out
that a point charge continues to exert a significant influence on
the neutral particle up to a separation distance of 50 Å (inset of
Fig. 2). At larger separation distances (h > 50 Å), the surface
charge becomes uniformly distributed over the surface, and
effectively becomes independent of h. Therefore, previous
treatments19–24 in which a uniform (or non-uniform but independent of the separation distance) distribution of surface
charge is assumed are only valid at large separations between
a polarizable particle and external charge.
As shown in Fig. 2 the value of the differential surface
density is zero for b = 0 and b = p as these angles correspond
to a density at a point (points A and B in Fig. 1). The lobe of
negative charge describes the charge density on the surface
area close to the external positive charge, and the lobe of
positive charge accounts for the density smeared towards
b = p. It can be seen that the surface charge density is polarised
more towards the external charge, and the effect is more
pronounced for shorter separations, typically for h less
than 7 Å. At h = 50 Å (inset in Fig. 2), the charge is separated
in such a way that the negative charge occupies the entire
hemisphere close to the external charge, whereas positive
charge is located in the hemisphere defined by b A (901, 2701).
Upon a further increase in the charge-sphere separation h, the
induced polarisation charge approaches zero (no polarisation
of the sphere). This charge polarisation behaviour is in close
agreement with that described in ref. 5 for the interaction of
neutral C60 with C602+.
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In this section the classical electrostatic model is compared
with results obtained at the B3LYP25,26/6-311G*27 DFT level of
theory, as implemented in the Q-Chem quantum chemistry
package,28 for the distribution of charge in the C60 and C240
molecules in the presence of an external point charge. Partial
atomic charges on the carbon atoms in C60 and C240 fullerenes
have been calculated using the Mulliken population analysis29
and subsequently compared with the surface charge density
predicted by eqn (8).
Fig. 3 depicts the distribution of partial atomic charges on a
neutral C60 molecule, as predicted by the Mulliken population
analysis, at three separation distances between the point charge
and the centre of C60. Mulliken analysis29 is the oldest and
simplest population analysis method, and it is widely accepted
that the absolute magnitude of the atomic charges is not
accurate as their values display a high degree of sensitivity to
the atomic basis set with which they were calculated.30 However, the location of charge within the molecule is predicted
reliably provided a consistent basis set is used. Three values of
the point charge-C60 separation distance have been considered,
namely h = 5 Å (Fig. 3a), h = 10 Å (Fig. 3b) and h = 50 Å (Fig. 3c),
showing an increasing de-localization of negative charge on
fullerene, depicted in green in Fig. 3, as the point charge,
located to the right of the fullerene cage (not shown in Fig. 3)
moves away from the molecule. It can be clearly seen that at
h = 50 Å the negative charge spreads over the entire hemisphere
and the charge density on the neutral C60 remains polarized,
which is consistent with the classical electrostatic analysis presented
in the inset of Fig. 2. The point charge with the value of q = +15e
continues to exert a strong influence on the neutral fullerene cage
even at distances greater than 50 Å.
For a comparison with the continuous charge density distribution derived from the classical electrostatic model (Fig. 2) a
Gaussian distribution function has been used to represent the

Fig. 3 Distribution of partial atomic charges on the C60 molecule at three values
of separation distance between the centre of C60 and the external point charge of
q = +15e located to the right of the fullerene cage (not shown): (a) 5 Å, (b) 10 Å,
and (c) 50 Å. Blue circles show positive charge residing on carbon atoms, and green
circles depict negative charge. The size of each circle has been renormalized to
convey the degree of polarization rather than its magnitude.
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Fig. 4 C60 surface charge density, obtained from the Mulliken population
analysis, in the presence of the external point charge of q = +15e. The colour
labeling is used to represent the separation, h, between a point charge and the
centre of C60, which varies with a step of 0.2 Å in the distance range of 5 Å (dark
blue) to 7 Å (green), thereafter h is taken to be 8, 9, 10, 15, 20, and 50 Å (deep
red); Db = 101 and n = 2. Inset shows the surface charge density distribution at
h = 50 Å compared to the analytical solution shown in the inset of Fig. 2.

Fig. 6 C240 surface charge density, obtained from the Mulliken population
analysis, in the presence of the external point charge of q = +15e. The colour
labeling is used to represent the separation, h, between a point charge and the
centre of C240, which varies with a step of 0.2 Å in the distance range of 8 Å
(dark blue) to 10 Å (green), thereafter h is taken to be 12, 20 and 50 Å (deep red);
Db = 101 and n = 2.

Co nclusio ns
computed net atomic charges, which has an effect of smearing
the charge density across the surface of the molecule. Eighteen
slices of the surface of C60 with the same width (defined by a
fixed incremental angle Db = 101) have been considered. For
each slice a normal distribution function is used to smear the
charge determined by the Mulliken population analysis. The
index n is used to define the number of slices over which each
Gaussian function extends. In Fig. 4, the partial charge is
distributed only within each slice (n = 2), thus showing not
only a clear polarization of the negative and positive charges
for small values of angle b but also small peaks corresponding
to residual positive charges on atoms further away from the
external charge.
For the larger neutral C240 molecule whose radius is taken to
be 7.3 Å, the distribution of partial atomic charges is presented
in Fig. 5 for two separation distances of h = 9 Å (Fig. 5a) and
h = 20 Å (Fig. 5b). The corresponding charge density distribution for the optimized geometry of C240 and Db = 101 is shown
in Fig. 6 for n = 2. These results are qualitatively similar to the
case of C60 presented in Fig. 3 and 4.

The recently developed classical model4 to describe electrostatic
interactions between charged spheres of a dielectric material
requires the material to be susceptible to polarisation in the presence of an external electric field. In order to test this assumption,
the model has been adapted to the particular problem of a
dielectric sphere interacting with a point charge. For this problem
an expression is given for the displacement of bound charge
density on the sphere as a function of separation between a point
charge and the centre of a sphere. Comparisons have been made
between the classical electrostatic results and those derived from a
DFT study of the bound surface charge density on the dielectric
molecular spheres C60 and C240. By smearing the calculated partial
atomic charges it is shown that there are marked similarities
between these two approaches. This suggests that the classical
electrostatic picture used to describe the behaviour of dielectric
materials in the presence of an electric field is appropriate for the
treatment of small particles. Furthermore, the proposed model
might have implications in experiments involving the fullerene –
multiple-charged ion collisions.31,32 In experiments concerned with
charge-transfer processes the insight into polarization of fullerenes
is the first step in the understanding of their fission mechanism.
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Fig. 5 Distribution of partial atomic charges on the C240 molecule at two values
of separation distance between the centre of C240 and the external point charge
of q = +15e located to the right of the fullerene cage (not shown): (a) 9 Å and
(b) 20 Å. Further details can be found in the caption to Fig. 3.
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