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It is shown that a recently developed analytical solution to the
problem of how two charged particles of a dielectric material
interact with one another, gives excellent quantitative agreement
with experimental measurements of the force between pairs of
charged particles in a non-polar solvent. The theory shows how the
presence of a dynamic surface charge distribution may moderate the
repulsion between interacting particles, and allow them to accommodate more charge than would be estimated from a calculation of
the bare Coulomb force.
Recent experiments on charged particles have focused attention on
how they may be stabilised in solvents with very low dielectric
constants;1–4 an environment that would not normally be expected to
support isolated charged species. This interest in the behaviour of
charged particles in non-polar solvents has come about in response to
recent technological developments in such areas as electrostatic
toners,5 electrophoretic displays,6 and drug delivery,7 where performance depends critically on the ability to control particle charge and
motion. To facilitate the presence of a charge, various methods,
including the use of surfactants and the incorporation of ionic groups,
have been used to give particles a permanent surface charge.1,2,8 For
a quantitative interpretation of the resultant electrostatic interaction,
classical approximations in the form of Derjaguin, Landua, Verwey,
and Overbeek (DLVO) theory and Poisson–Boltzmann theory
provide good descriptions for as long as certain limiting conditions
are recognised.9 However, both theories include adjustable parameters that are often modified to match the prevailing environment. For
the specific example of charged dielectric particles suspended in
a vacuum or a non-ionic medium, it is only very recently that
analytical methods have become available for performing accurate
calculations on the electrostatic forces present when two such particles interact with one another.10,11 Many earlier attempts to solve this
problem provided solutions that either failed to converge or were
only stable if one of the particles remained neutral (see ref. 10 for
a summary of previous work).
In 2010 Bichoutskaia et al. presented an analytical solution to the
problem of how charged dielectric particles interact with one
another.10 The equations were shown to converge rapidly, and the
solution was found to be stable up to the point where particles touch.
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The model can be applied to particles suspended in any non-ionic
medium and calculations show the degree of interaction between
particles to be very sensitive to the values of charge, size and dielectric
constant. The electrostatic force due to the presence of a permanent
charge residing on the surface of each of two interacting spherical
particles is given in ref. 10 as a generalization of Coulomb’s law for
point charges:
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where x1 and x2 are points on spheres 1 and 2, dQ1(x1) and dQ2(x2)
are the electrical charges on each of the spheres, z^ is a unit vector
along the axis connecting the two spheres, h is their centre-to-centre
separation and K ¼ 1/4p30 z 9  109 V mC1 is a constant of
proportionality. The first integral takes into account the charge
residing on sphere 1, and the second integral is the potential generated
by the charge residing on sphere 2. The last equality in eqn (1) is due
to the cylindrical symmetry of the problem and requires that differentiation with respect to h is performed with the total surface charge
density, s, kept constant. The electrostatic force, F12, is evaluated by
an expansion in Legendre polynomials of the electrical potential
generated by the two spheres as they interact. Additional boundary
conditions describe the behaviour of the electrical potential and its
continuity on the surfaces of the spheres. The convention where F12 is
negative for an attractive interaction and positive where the force is
repulsive has been used. The permittivity of a sphere relative to that
of vacuum is introduced as the dimensionless dielectric constant
k ¼ 3/30, where 30 ¼ 8.8542  1012 Fm1. The dielectric material is
assumed to be electrically neutral in its normal state with an unperturbed charge distribution and containing an equal number of positive and negative charges, sb. The charge on each particle is assumed
to be distributed uniformly over the surface, and no volume charge is
present. Hence, the total surface charge density, s, is related to the
free and bound charge densities as s ¼ sf + sb. The net charge on
each particle is fixed, independent of the dielectric constant and does
not vary with separation between the particles (as defined by the
vector h). These conditions imply a constant free surface charge
density, sf, and the variation in electrostatic force acting on the
system is the result of a polarisation of the bound charge density, sb,
residing on the surface of one particle induced by an electric field due
to the presence of charge on the second particle. Methods for
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simplifying the computation of F12 have also been presented.12 In
addition to the specific topics identified above, electrostatic forces
between charged particles play a very significant role in facilitating
many natural and industrial processes, ranging from cloud formation
through to powder coating.13,14 The materials involved are invariably
dielectric in nature and exhibit considerable variation in composition,
size and charge. It is clear, therefore, that a complete understanding
of how charged dielectric particles interact with one another has
significant implications for many areas of physics, chemistry, biology
and engineering.
A rigorous test of the validity of the model outlined above requires
high quality experimental data that have been recorded under
conditions which match those specified in the derivation, i.e. dielectric
particles carrying a surface charge and interacting in a non-ionic
medium. Using the optical tweezer technique,15 Sainis et al. have
recorded experimental data of this nature with their measurements of
the electrostatic force between charged microspheres suspended in
non-polar solvents.1,2,16 Of relevance to this work are their measurements of the force between poly-methyl methacrylate (PMMA)
spheres suspended in hexadecane, which also contains a variable
concentration of sodium-aerosol-OT (AOT) that acts as a charge

control agent. In this paper we demonstrate that the derivation presented earlier is capable of accurately reproducing these data without
the need for any adjustable parameters.10,12 Input to the calculations
are the dielectric constants for the PMMA spheres (k1 ¼ k2 ¼ 2.6),
their radii (a1 ¼ a2 ¼ 600 nm), the dielectric constant for hexadecane
(3/30 ¼ 2.06) and the magnitude of the charge residing on the surface
of each sphere. The charge is not known from any direct experimental
measurement; however, in the study by Sainis et al.2 this was one of
the variables adjusted within DLVO theory until there was a match
with the experimental data. The same approach has been adopted
here, with the charge on both spheres Q1 ¼ Q2 being altered to
achieve agreement with the knowledge that the previous DLVO
calculations provide some indication of the value.2
Fig. 1 (a)–(d) show plots of the electrostatic force between pairs of
PMMA particles as measured in the experiments by Sanis et al.2
under conditions where the strength of the charge control agent,
AOT, is gradually increased. However, as noted by Sanis et al.2 the
AOT concentrations were such that the calculated Debye screening
lengths (1/k) remained much larger that the radii of the particles
(ka  1). The experimental force data are plotted as a function of
centre to centre separation distance between the spheres with the

Fig. 1 Comparison between experimental measurements of the force between two charged PMMA spheres and results calculated from a solution to
eqn (1). The forces are given in femto-Newtons and are plotted as a function of the separation distance between the centers of the two spheres. The
vertical line denotes the point of contact. Identified in Fig. 1a–1d are the charge Q given by the calculations and AOT concentration at which the
experiments were performed.
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that determined from a simple Coulomb law, with a possible
outcome being that the spheres are able to accommodate more
charge than would be apparent from a direct fit to the latter. This

Fig. 2 Plot of the calculated distribution of surface charge density on a
PMMA sphere when two equivalent spheres, each with a charge Q ¼ 90 e,
are in contact. The density is plotted as a function the polar angle b17 and
for reference purposes the equivalent result for an isolated sphere is also
given.

vertical line indicating where they should touch. Also plotted in Fig. 1
is the calculated electrostatic force between the two particles,10,12 and
as can be seen, the agreement between experiment and theory across
the four data sets is for the most part good, and could be considered
as excellent for Fig. 1c and 1d. The calculations do not include any
weak attractive contribution to the force that may arise from a van
der Waals interaction.
Calculation of the force associates each particle with a dynamic
surface charge that can be displaced in response to the strength of the
electrostatic interaction and the separation between the spheres.17
Fig. 2 shows how the charge density changes across the surface of one
of the spheres at the point of contact (as the results are equivalent,
they are given for just one sphere). The quantity that has been plotted
is 2pa2sin(b)s(b), where b is a spherical polar coordinate that spans
from 0 to 180 degrees through the sphere and b ¼ 0 is the point of
contact. s is the charge density at a point on the surface defined by
b and in the form given above, s at each point has been weighted by
an element of surface area. For the purposes of comparison, the
equivalent plot for an isolated sphere is also given in Fig. 2. As can be
seen, the surface charge density responds to the close proximity of
a second charged sphere by becoming displaced away from the point
of contact. A net effect of this displacement would be to reduce the
magnitude of the repulsion experienced by the spheres with respect to
Table 1 Comparison between the charge (Q) required for eqn (1) to fit
the experimental data in Fig. 1 and 3, and values of charge (Z*) determined from fitting a bare Coulomb repulsion to the experimental data2

AOT concentration/
mM l1

Charge (Q/e) from
present calculations

Charge (Z*/e) taken
from Coulomb
repulsion calculationsa

0
0.001
0.01
0.1
1
10
100

40
40
65
90
85
75
40

25
25
42
75
64
64
125

a

Extracted from Fig. 2c of ref. 2.
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Fig. 3 Comparison between experimental measurements of the force
between two charged PMMA spheres and results calculated from
a solution to eqn (1). The forces are given in femto-Newtons (fN) and are
plotted as a function of the separation distance between the centers of the
two spheres. The vertical line denotes the point of contact. Identified in
Fig. 1a–1d are the charge Q given by the calculations and AOT
concentration at which the experiments were performed.
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effect can in fact be seen from Table 1 where a comparison is given
between the results calculated here and those calculated by Sanis
et al.2 For the data in Fig. 1a–1d the experimental results have been
fitted to a bare Coulomb repulsion, and so. for example, at an AOT
concentration of 0.1 mM (Fig. 1d), Sanis et al.2 estimate the effective
charge on each sphere to be 75 e, whereas this calculation yields
a charge of 90 e. Similar enhancements in Q are to be seen for AOT
concentrations of 0.001 and 0.01 mM. The experimental results also
suggest that the particles carry a residual charge when the concentration of the charge control agent is zero, and the fit in Fig. 1a would
confirm that. However, Q at 40 e is again larger than the 23  3 e
estimated from a Coulomb law fit to the data.2 Previous calculations
of the surface charge have shown how subtle changes in the distribution can switch the electrostatic interaction between like-charged
particles from being repulsive to attractive.17
At AOT concentrations higher than those discussed above, the
results from Sanis et al.2 suggest that charge screening becomes more
significant as their calculations show that ka is now  1. This effect is
also evident from Fig. 3a–3c where the electrostatic force has been
calculated to fit data where the AOT concentrations are in the range
1–100 mM. These results together with Table 1 show that, as the
concentration increases, the effective charge gradually declines, which
is probably not what is happening in reality, but is a reflection of the
fact that screening diminishes the magnitude of the electrostatic
repulsion. It is also evident that the fits to the data are no longer
uniform as function of the distance of separation, which would imply
an alternative power dependence to that of the multipole expansion
derived for two charged spheres. As can be seen from Table 1, the fit
to data recorded at the highest AOT concentration (100 mM) is not
consistent with the trend exhibited by the other results where Q is
always greater than Z*. The fit to the experimental data provided by
the analytical model10,11 is adequate and matches the trend in Q
shown by results at lower AOT concentrations; however, the scatter
in the experimental data is sufficient to allow for alternative combinations of parameters from DVLO theory.2
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Under conditions of very low ionic strength recent experiments
have measured a repulsive Coulomb force between dielectric particles
carrying a charge. It has been shown here that an analytical solution
to the problem of calculating such a force yields excellent agreement
with the experimental results without the need for adjustable
parameters. The results show that a dynamic response from surface
charge to the presence of a second body is an integral part of the
theory’s success in accounting for the experimental data. An accurate
description of the electrostatic forces between charged particles will
contribute towards a better understanding of their static and dynamic
properties.
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